We report on a phononic crystal ͑PC͒ consisting of a square array of cylindrical polyvinylchloride inclusions in air that can be used to control the relative phase of two incident acoustic waves with different incident angles. The phase shift between waves propagating through the crystal depends on the angle of incidence of the incoming waves and the PC length. The behavior of the PC is analyzed using the finite-difference-time-domain method. The band structure and equifrequency contours calculated via the plane wave expansion method show that the distinctive phase controlling properties are attributed to noncollinear wave and group velocity vectors in the PC as well as the degree of refraction. © 2011 American Institute of Physics. ͓doi:10.1063/1.3559599͔
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Phononic crystals ͑PCs͒ are composite materials which derive their spectral ͑-space͒ and wave vector ͑k-space͒ properties from the scattering of elastic waves by periodic arrays of elastic inclusions embedded in an elastic matrix. Bulk or defected PCs have been shown to exhibit numerous useful spectral capabilities including transmission band gaps, local modes for guiding, filtering, and multiplexing.
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k-space properties result from features in the band structure that impact refraction. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] These properties parallel many of those found in photonic crystals. 29, 30 The -space and k-space properties are directly related to the size, geometry, scale, and composition of the constitutive materials of the PC.
In the present letter, we demonstrate that the band structure of a two-dimensional PC constituted of a square array of cylindrical polyvinylchloride ͑PVC͒ inclusions in an air matrix can be used to control the relative phase of elastic waves. Phase control is due to the propagation of elastic waves in the PC with wave vectors that are not collinear with their group velocity vectors. This condition implies that excited Bloch waves travel at different phase velocities in the direction of their group velocity. Additionally, this crystal shows near zero-angle refraction permitting wave collimation as well as enabling the superposition of beams with different wave vectors in the same volume of crystal. Phase manipulation of these superposed waves can result in constructive or destructive interferences between noncollinear incident beams. Finally, there are operating frequencies for which the circular equifrequency contour ͑EFC͒ in air is larger than the first Brillouin zone of the PC, allowing several Bloch modes to exit the crystal, leading to the phenomenon of beam splitting. The work presented in this letter constitutes a significant move toward broadening the range of properties and applications of PCs beyond their more common spectral and wave number properties. from the left of the crystal to the right and only those waves inside the crystal that have a group velocity in that same direction will be excited. After propagation through the crystal, the k y component of the wave vector is conserved at the interface between the PC and air and because the EFC in air is larger than the PC's first Brillouin zone, a split wave results. Positive refraction occurs at incident angles 2.3°to 28.1°, zero-angle refraction occurs at 28.1°, negative refraction occurs at angles from 28.1°to 74.5°. Angles below 2.3°o r above 74.5°fall in the band gap and will be totally reflected. By symmetry of reciprocal space, negative input angles in the range 2.3°-28.1°and in the range 28.1°-74.5°w
ill negatively refract and positively refract, respectively. For input angles in the ranges 15°-41°and Ϫ15°-Ϫ41°, the EFC has nearly flat faces and the beam will refract by less than 5°.
An analytical scheme and numerical scheme are used to quantify the phase shift developed in the PC for several k-vectors in reference to zero-angle refraction. The phase shift developed per length of crystal is dependent on the degree of refraction the incident wave experiences as well as the phase velocity associated with the wave vector in the PC. The distance a wave travels in the PC ͑the distance consistent with the path of the refracted beam͒ divided by the spacing between periodic peaks of high pressure coinciding with the orientation of its wave vector yields a value for the wave's phase. Comparing this value with a reference state yields Eq. ͑1͒
In Eq. ͑1͒, ⌽ is the phase shift developed within the PC between an arbitrary wave with k-vector k 1 and the reference wave corresponding to zero-angle refraction. L is the length of the crystal ͑distance between input side and output side͒ and ␣ and are the angles made between the axis k x and group velocity vector and wave vector, respectively ͓Figs. 1͑b͒ and 1͑c͔͒. We validate Eq. ͑1͒ using finite-differencetime-domain ͑FDTD͒ simulations. We send individual plane waves toward the PC and survey the displacement field at the entrance and at the exit to the PC over time. Relating the time evolution of the displacement field for these regions with the reference case of zero-angle refraction allows us to measure a phase shift for each incident angle. The discretization of space and time in the FDTD method leads to an uncertainty on calculated phase difference of approximately 0.027 radians. Agreement between Eq. ͑1͒ and FDTD results is seen in Fig. 2 . Incidence angle and crystal length are the primary factors in controlling relative phase between propagating waves in the PC. To demonstrate that the PC can effectively and precisely control phase, we simulate with FDTD two acoustic waves with incident angles of 10°and 28.1°. We desire to change the relative phase of these signals by and 2 radians. The relative phase of the beams is characterized by taking cuts at the point of beam intersection before entry into the PC and at the point of beam intersection on the exit side of the crystal. We report the time average of the absolute value of instantaneous pressure over one period along these cuts ͑subse-quently referred to as average pressure͒. If we observe a zero-value reading at the mid-point along the cut, destructive interference has occurred between the beams corresponding to a phase shift. If we observe a maximum-value reading, the phase shift is 2 and constructive interference has occurred. From the exit side of the crystal to the point of beam intersection, there is an additional phase shift developed between the beams because they travel different paths to reach the point where the average pressure cut is taken. This component must be included into calculations such that a true phase change of and 2 can be realized of the system. For a PC of length 23 lattice parameters ͑621 mm͒, the PC initiates a relative phase shift of 11.404 radians between the waves. The additional, outside phase contribution is 14.515 radians. The difference in these values gives the total phase change between the two acoustic inputs for the system, this value is approximately . For a PC of length 46 lattice parameters ͑1242 mm͒, the PC initiates a relative phase shift of 22.808 radians between the waves. The outside phase contribution is 29.031 radians and the difference ͑total phase change͒ is roughly 2 radians. Figure 3͑a͒ shows the 10°and 28.1°sources interacting with the shorter crystal. In that figure, we show 2 black lines indicating where cuts are taken. In Fig. 3͑b͒ , we report the profiles of the average pressure along these cuts. On the entry side of the PC, a zero pressure reading at the point of beam intersection ͓Fig. 3͑b͔͒ shows that the sources are initially out-of-phase. The average pressure along the cut on the backside of the crystal shows a maximum at its mid-point. The exit beams are in-phase and a total phase shift of has been measured. Figures 3͑c͒ and  3͑d͒ show the 10°and 28.1°sources interacting with the longer PC. As before, the incident beams are out-of-phase. On the exit side of the PC, instead of getting a maximumvalue reading as was the case with the shorter crystal, we observe a zero-value reading of the average pressure at the mid-point. A total phase shift of 2 has been measured. These results demonstrate that based solely on the selection of incident angle and crystal length, phase can be manipulated.
We illustrate the possibility of phase control by another example ͑Fig. 4͒. We note that incident angles of -32°and 24°excite the same Bloch waves in the PC. The signals travel the same path through the PC as one, superposed, collimated beam and exit at the same location on the backside of the crystal. An initial relative phase difference between the two waves of , as in Fig. 4͑a͒, results in tive interference. The beams cancel and a very weak pressure field is seen on the exit side of the PC. This nonzero pressure field is due to mismatch loss. Conversely, with no phase difference between the input beams, the waves interfere constructively along all paths of travel and produce two intense beams upon exit ͓Fig. 4͑b͔͒. This situation is unique in the manner that the crystal length has no effect on the relative phase of the two signals.
We have evaluated a PC that possesses passing bands exhibiting unusual k-space properties that depend on the angle of incidence of an incoming wave leading to the possibility of controlling the phase of waves propagating through the crystal. This PC offers control over the full phase space of waves, namely, -space, k-space, and ⌽-space.
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